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Classicality of spin coherent states via entanglement and distinguishability
D. Markham and V. Vedral
Optics Section, Blackett Laboratory, Imperial College, London SW7 2BW, United Kingdom.
We trace the resistance to entanglement generation of spin coherent states when passed through
a beam splitter as we vary S through S = 1/2→∞. In the infinite S limit the spin coherent states
are equivalent to the high-amplitude limit of the optical coherent states. These states generate
no entanglement and are completely distinguishable. This transition is discussed in terms of the
classicality of the states. The decline of the generated entanglement, and in this sense increase in
classicality with S, is very slow and dependent on the amplitude z of the state. Surprisingly we
find that, for |z| > 1, there is an initial increase in entanglement followed by an extremely gradual
decline to zero. Other aspects of classicality are also discussed over the transition in S, including the
distinguishability, which decreases quickly and monotonically. We illustrate the distinguishability
of spin-coherent states using the representation of Majorana.
I. INTRODUCTION
The transition from the quantum to the classical world
is not fully understood at present. Although classical
physics is believed to be a limiting case of quantum me-
chanics, it is frequently unclear which limit should be
taken and how this is to be achieved. We can, for exam-
ple, try to think of how the laws of physics come to ap-
pear as the classical laws if we start from the Schro¨dinger
equation, as in [1]. Alternatively, we might think about
how physical objects themselves come to appear classi-
cal, when they are so manifestly quantum at the most
basic level that we can test in our most accurate exper-
iments. In this case, initial quantum states describing
objects would somehow have to make a transition to be-
come classical. Quantum physics has been considered
to approach the classical in many different ways and we
name several of them. (1) As ~ goes to zero, the vari-
ance (or uncertainty) of two non commuting measures go
to zero and we can separate all states perfectly (this is
known as Bohr’s correspondence principle); also, the clas-
sical Hamilton-Jacobi dynamics can be “derived” from
the Schro¨dinger equation in this limit. (2) Positivity of
the Wigner or P function is often taken to imply classi-
cality, since they then can be thought of as representing
real probability functions as in classical statistical me-
chanics. (3) The entanglement present in a collection
of states is clearly an indication of nonclassicality and
a lack of it can be construed as a signature of classical-
ity (various decoherence pictures, on the other hand, use
the entanglement with the environment as an indication
of classicality; in this case the global presence of entan-
glement leads to classicality). (4) Distinguishability of
states (classical states are always fully distinguishable at
least in principle). Although each of these criteria is ad-
equate in its own domain, it needs to be stressed that
they are by no means equivalent in general. In fact, they
frequently contradict each other. A well known example
of this is that a state of two light modes can be entangled
and still have an overall positive Wigner function, as well
as vice versa. It is, therefore, very important to inves-
tigate the relationship between these various approaches
in order to gain a deeper understanding of the transition
between the quantum and the classical. In this paper we
trace the spin-coherent state through a range of spin S,
from S = 1/2 to the limit S →∞, and comment on this
as a transition to classicality for this class of pure states.
One of the first set of states defined specifically with
classicality in mind is the optical coherent states or
Glauber states [2]. These are minimum-uncertainty
states and their creation can be implemented with clas-
sical currents. The Glauber states can then be gener-
alised in different ways to a wider set of states, including
minimum-uncertainty-defined states and group-defined
states (see [3] and [4] for good reviews). One such gen-
eralisation is the set of spin coherent states, introduced
in [5] and [6], which have been compared to the Glauber
states and some parallels drawn. For example, they too
are states of minimum uncertainty and they can be pro-
duced by classical fields acting on the ground state. His-
torically, one claim of classicality of the Glauber states is
that they are the only pure states to remain unentangled
when passed through a beam splitter [7] (which relates
to one aspect of classicality mentioned above). More re-
cently it has been shown that a mixture of these states
also remains unentangled when passed through a beam
splitter [8, 9] (implying that generation of entanglement
requires “nonclassical” states). Unlike the Glauber state
however, the spin-coherent state can produce entangle-
ment when passed through a beam splitter, even a maxi-
mally entangled state for the spin 1/2 case. In the s→∞
limit though, the spin-coherent states go to the high am-
plitude limit of the Glauber states [5, 6], and hence the
entanglement goes to zero.
In this paper, we extend this comparison of the spin-
coherent states to looking at the transition as we change
the size of the spin from S = 1/2 to the limit S → ∞
Glauber states. This is done with respect to their robust-
ness against the entanglement created through a beam
splitter. As well as being interesting in its own right,
this property allows us to investigate how quickly the
classical features of the Glauber states mentioned above
appear. We discuss the transition as an approach to this
classicality, considering the “most classical” to be the
limiting Glauber states. We note, however, that this is
2of course by no means a complete study of classicality.
We deal here only with pure states, and classically we
can only truly model mixed states. Indeed, even then
the states are, of course, still quantum and they behave
like classical states only if the quantum features are small
enough to be ignored [10]. In this paper we ignore the
dynamical aspects. Even when states are “classical”, one
could argue that their dynamics may not be (although,
with respect to this, it should be pointed out that un-
der the influence of a classical electric field - essentially a
rotation - the spin-coherent states remain spin coherent
states, as proved by Arecchi et al.[6]); for example, the
complexity of quantum dynamics may be very different
from that of classical. We talk about classicality in a
very specific sense, namely, in entanglement and distin-
guishability, for which, in the specific scenarios discussed,
the Glauber state is the most classical among the set of
pure spin-coherent states. In this sense, we trace the
spin-coherent state from what we think of as the “least”
classical, S = 1/2, to the “most” classical S →∞.
In particular, in Sec. II we investigate the entangle-
ment of the state generated by passing it through one
arm of a 50:50 beam splitter while the other arm is left
in the empty vacuum state. We present a different proof
to those of [5] and [6] that the spin-coherent states tend
to the Glauber states in the infinite S limit, in terms of
the states in the first quantisation. Our method has the
advantage that it easily follows that there are infinitely
many other states of the same dimensionality as spin-
coherent state with the same property that they asymp-
totically approach the Glauber states, which is not ime-
diately obvious from [5] and [6]. We find that the reluc-
tance to generate entanglement is very slow to increase
with S and the entanglement can be near zero only for
very high S. In addition, the entanglement generation is
dependent on z and for |z| > 1 we see a surprising rise
in entanglement with S- hence, a decline in classicality
in this sense. This is explained and parallels drawn to
another similar case noted by Arnesen et al. [11].
In Sec. III, we discuss this transition in terms of clas-
sicality as viewed as a reluctance to create of quantum
correlations (entanglement). We then discuss different
ways in which this transition can be viewed in terms of
classicality. We focus on one classical feature, that of dis-
tinguishability, and illustrate the changes with S using
the Majorana representation [12] via the Helstrom opti-
mal measurement [13, 14] (which gives different measures
and success probabilities for different states, depending
on how close they are to orthogonal). For a d-dimensional
state, the Majorana representation defines the state (up
to a global phase) by d − 1 points on the surface of a
Riemann sphere. Geometric interpretation of physical
systems is often very helpful in gaining further intuition.
For example, the Bloch sphere can be used to see intu-
itively how optimal fidelity is achieved in universal quan-
tum cloning [15]. The Majorana representation shows
well the changes in the measures affected by changing S
for spin-coherent states in a simple geometry.
II. ACTION THROUGH A BEAM SPLITTER
In quantum optics the action of a beam splitter is de-
scribed as a particular kind of mixer of two beams of
light or, more mathematically, two modes of the quan-
tised electromagnetic field. A beam splitter takes an in-
put state comprised of a general n-photon Fock state in
one mode and a ground (vacuum) Fock state in the other,
|n, 0〉, to a superposition of binomially populated modes:
Ubs|n, 0〉 =
n∑
p=0
(
n
p
)1/2
T pR(n−p)|p, n− p〉, (1)
where T and R are the complex transition and reflection
coefficients, with normalisation |T |2 + |R|2 = 1. In gen-
eral, these resultant states will be entangled; indeed, for
any input made up of a finite superposition of Fock states
the entanglement cannot be zero (except, of course, in
the case of the trivial ground state). This can easily be
proved by tracing one of the output modes and checking
that the resulting state (of the other mode) is strictly
mixed, i.e., its trace is less than 1. Since we will deal
only with overall pure states in our paper, this method
for quantifying entanglement will be adequate in general
and we will use it later on in this section.
A Glauber state is defined as
|α〉 = exp
(
−1
2
|α|2
) ∞∑
n=0
αn
(n!)1/2
|n〉 (2)
[2]. When this enters one mode of a beam splitter and a
ground state the other, the output state is
|ψout〉 = Ubs|α, 0〉
= exp
(
−1
2
|α|2
) ∞∑
n=0
n∑
p=0
(
n
p
)1/2
T pR(n−p)
αn
(n!)1/2
|p, n− p〉,
(3)
which reduces to a product state
|ψout〉 = |α/
√
(2)〉 ⊗ |α/
√
(2)〉. (4)
It has been proven that the Glauber states are the only
pure states that when passed through one arm of a beam
splitter return product states with zero entanglement [7].
Therefore they are the only classical states within this
framework. Although the beam splitter needs to be de-
fined in a more general way (by giving the transformation
of the general basis state |n,m〉, or, equally well, by defin-
ing the action of annihilation and creation operators on
different modes as in, for example, [16]), it will for us be
sufficient to use Eq. (1) as a specialised definition on the
state |n, 0〉. We now ask what effect such a beam split-
ter has on a spin-coherent state and to what extent the
output state depends on the magnitude of the spin.
A spin-coherent state |z〉 is defined here to be the com-
plex rotation of the ground state, parameterised by a
3complex amplitude z [3, 5, 6].— In terms of the spin
raising operator Sˆ+ acting on the ground state, we have
that
|z〉 = 1
(1 + |z|2)S exp(z¯Sˆ+/~)|0〉. (5)
Expanding the exponential we get
|z〉 = 1
(1 + |z|2)S
2S∑
n=0
(
2S
n
)1/2
z¯n|n〉. (6)
The summation only goes up to 2S since for m = 2S,
Sˆ+|m〉 = 0. This can be seen easily using the Holstein-
Primakoff representation of spin operators in terms of
single-mode creation and annihilation operators [17].
The uncertainty relation for the spin operators, defined
with the algebra [Sˆi, Sˆj] = i~Sˆk, is given by
〈Sˆ2i 〉〈Sˆ2j 〉 ≥
1
4
~
2〈Sˆk〉2. (7)
This equality holds for the state |z〉; hence the spin-
coherent states are minimum-uncertainty states.
In [5] and [6] it is shown by means of the second
quantisation, in terms of the operators generating the
state, that the limit takes the spin-coherent states to
the Glauber states. We now look at this limit purely in
terms of the first quantisation, which has the advantage
that it allows us to easily generate an infinite set of states
that have the same property that they asymptotically ap-
proach the Glauber states. With the appropriate ampli-
tude relationship, as S goes to infinity the spin-coherent
states are equivalent to a limit of Glauber states, namely,
the infinite amplitude limit. Setting α =
√
2Sz¯ provides
a suitable substitution. To prove the equivalence it is
enough to show that the overlap between the Glauber
state |α〉 and the spin-coherent state |z′〉 with this sub-
stitution goes to 1 in the infinite S limit. That is, we
wish to prove
lim
S→∞
〈α|z′〉 = lim
S→∞
{
exp
(
−1
2
|α|2
)
1
(1 + |α|
2
2S )
S
×
2S∑
n=0
(
2S!
(2S − n)!(2S)n
)1/2 |α|2n
n!
}
= 1. (8)
We can see that the normalisation term outside the
sum clearly goes to the exponential in the limit. We also
see that each term in the sum goes to |α|2n/n! in the
limit. The limit of the sum then gives an inverse expo-
nential. Since both terms converge in the same limit, the
product of these terms converges to the product of the
convergences and so gives us a product of two exponen-
tials in the limit which cancel to give 1. In fact, this is
true of any state |ψ〉 =∑d−1n=0 f(n, d)[An/(n!)1/2]|n〉 such
that f(n, d) > 0, ∀n, d ∈ N, and f(n, d) converges to 1 in
0
0.2
0.4
0.6
0.8
1
0
10
20
30
40
0
0.5
1
1.5
R2S
En
ta
ng
le
m
en
t
FIG. 1: Entanglement of the state |z, 0〉 after being passed
through a beam splitter, against S and |R|2 for |z| = 3. The
maximum entanglement is given when |R|2 = 1/2, for all S.
n for all p. There are infinitely many such functions and
therefore these states define an infinite set of states that
asymptotically approach the Glauber state. A detailed
proof can be found in Appendix A (the orthogonality of
these states is discussed later). This result shows that,
in the infinite S limit, the spin-coherent states do not
entangle when put through one arm of a beam splitter
(since they are in fact equivalent to Glauber states).
We now wish to see exactly how the entanglement
reaches this zero limit. More precisely, we would like to
determine if entanglement falls off quickly with increas-
ing spin, such that any reasonably large spin system ef-
fectively returns a product state or if, for instance, the
drop-off is monotonic. The action of a beam splitter on
an input state, comprised of a spin-coherent state in one
mode/arm and the vacuum state in the other, gives
Ubs|z, 0〉 = 1
(1 + |z|2)S
2S∑
n=0
n∑
p=0
{(
2S
n
)1/2(
n
p
)1/2
×T pR(n−p)z¯n|p, n− p〉
}
. (9)
We use the von Neumann entropy [18] as our measure for
entanglement, defined for a bipartite state ρAB as
E = −Tr(ρA ln ρA) = −
i=2S∑
i=0
ri ln ri, (10)
where ρA = TrB(ρAB) is the reduced density matrix of
system A, and ri are its eigenvalues (and the squared
Schmidt coefficients of a pure state). In our case, from
Eq. (9),
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FIG. 2: Entanglement of the state |z, 0〉 after being passed
through a beam splitter, against S for |z| = 1. As we can
see, the entanglement reduces quickly at first but then more
slowly. Indeed, it does not appear straight away to limit to
zero (al*though we know it does).
ρA =
2S!
(1 + |z|2)2S
2S∑
p,p′=0
min(2S−p,2S−p′)∑
m=0{(
1
p!p′!(2S −m− p)!(2S −m− p′)!
)1/2
×|z|
2m
m!
|T |2mRpR¯p′ z¯pzp′ |p〉〈p′|
}
. (11)
We notice that in forming the reduced density matrix
the complex phases of R and z are effective only up to a
unitary change of basis, which does not effect its eigen-
values, and hence does not affect the entanglement. Also,
ρA depends on only the modulus of T . Thus from here
on we are concerned only with the modulus of these val-
ues: |z|; |R| and |T |. In Fig. 1 we plot the entanglement
against S and |R|2 for |z| = 3. For all S we see a max-
imum entanglement for |R|2 = 1/2. In fact, we found
this for all |z| checked between 0 and 50. In addition, we
can prove that setting |R| = |T | = 1/√2 gives the mini-
mum linear entropy (see Appendix B), which is an upper
bound to the von Neumann entropy of entanglement, and
can itself be regarded as a measure of entanglement (see,
for example, [19]). Since it is analytically proven for the
linear entropy, and it is confirmed by all our numerical
evidence, and the von Neumann and linear entropy follow
the same patterns in all our numerics, it is reasonable to
suppose that |R| = |T | =
√
1/2 does indeed give maxi-
mum von Neumann entanglement. Hence from here on
we take this to be the appropriate value.
Two interesting features appear. The first is that the
entanglement does not quickly go to zero with increasing
S, in fact, after an initial quick change with amplitude
|z|, the entanglement settles to a very slow decline. The
point where it settles to the slow decline is very depen-
dent on |z|. For higher |z| this point is both at a higher
entanglement and for a higher value of S. For each value
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FIG. 3: Entanglement of the state |z, 0〉 after being passed
through a beam splitter, against S for |z| = 3. Here the
entanglement rises first and then tails off after around S = 40.
of |z| we see first a quick and then a very slow fall from
the maximum entanglement with S. For |z| ≤ 1 the max-
imum is at the origin, for higher |z| we see a peak, then
the slow descent. For example, in Fig. 2 we see that the
entanglement falls quickly to about E = 0.15 at around
S = 15, and then decreases very slowly thereafter (note
that, although it may not appear to, the entanglement
does drop with increasing S - each consecutive point af-
ter S = 15 is lower than the previous one; the decline
is just very slow). In contrast, in Fig. 3 for |z| = 3,
we see a slow tailing off from around S = 40 at around
E = 0.8. In Fig. 4 we plot the entanglement against S,
from S = 1/2→ 50 for |z| = 0→ 50. We can see that the
peak where it reaches maximum is higher for higher |z|.
In this range of S, the peak is not reached for |z| larger
than around 7, indicating that for such |z| the drop to
zero is even slower and longer. Also, for any one S, the
entanglement is higher for larger |z|. It looks as if the
entanglement settles down to a value, dependent on |z|,
from which it falls very slowly with increasing S. If the
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FIG. 4: Entanglement of the state |z, 0〉 after being passed
through a beam splitter, against S and |z|2. We see the pat-
tern of a rapid initial peak followed by very slow decrease
thereafter for all |z|, and that an increase in |z| increases the
entanglement for any S.
5rate of decline continues as in our results, as we might
expect, it would require huge S to see the zero limit ap-
proached. It seems the dependency on |z| is far greater
than S.
The second feature of interest is that, for values of
|z| larger than unity, the entanglement initially increases
with increasing S (Figs. 3 and 4) and we see a peak.
Since we know that the entanglement must come arbi-
trarily close to zero in the approach to the limit, we know
it must go down from the beginning value at S = 1/2,
and we might have expected this to be a smooth fall.
The initial peak in generated entanglement, for |z|
larger than around 1, is best explained by looking at the
output, superposition state 9. Roughly speaking, as we
increase S, the addition of entangled states to the super-
position causes a growth in entanglement. This is then
countered as more states are added, having the effect
of diluting the superposition, so that the entanglement
goes down for greater S. We do not see this for |z| less
than around 1, because the coefficients for the higher en-
tangled states in the superposition decrease for higher
orders. We note that a similar phenomenon was seen
in [11], where Arnesen et al. studied the entanglement
between two spin 1/2 particles in a mixed thermal state
with an external magnetic field, according to the antifer-
romagnetic Heisenberg model. For some field strengths,
as the temperature of the chain increased, there was an
initial increase in entanglement, although in the large
limit the entanglement went down to zero, as we would
expect for such a mixed system. The increase can be put
down to the inclusion of highly entangled states in the
mixture, which then becomes countered as the mixture
dilutes as it extends to more states. There is also a differ-
ence here in that in our case the increase came from the
addition of states to a pure superposition and in theirs
they are added to the mixture.
In addition to the subject of classicality discussed in
the next section, these results may be interesting for
other reasons. Coherent states are useful objects, with
simple and continuous parametrisation, they have many
theoretical applications and allow many simplifications
(see [3] for many examples). They can be created, for
example, by a rotation of the ground state of N atoms
[20] or, in terms of the Schwinger spin states, by optical
fields passing through a beam splitter (e.g., [21]). The
latter can be squeezed and used to improve interferome-
try [22]. Beam splitters are also useful; they are among
the simplest devices implementable by experiment and
have many applications, including entanglement gener-
ation itself (for example, [23]); so it is valuable to un-
derstand them better in any scenario, especially one in-
volving entanglement generation, like this one. From this
point of view it might be interesting to note, for instance,
that for an input state with spin S, there exists an opti-
mal amplitude |z| that returns the greatest entanglement.
It is also informative to consider the physical notion
of a beam splitter in the sense described above. In the
case of an optical state, when we use the term “beam”
we usually mean literally a beam, or mode of light,
that is defined by the path it takes. The action of the
beam splitter is then to split the incoming photons of
one mode (or path) into two, so the photons leave in
a superposition of both paths. This can be written in
terms of creation and annihilation operators, whence
the beam splitter annihilates photons from the input
path and creates photons in both output paths. With
spin-coherent states this is not so clear. The analogous
operators to the annihilation and creation operators are
the step up and down operators. The analogy of creating
a photon in a beam would be to add a unit of spin to
the system (although the analogy is not exact because of
different commutation relations, which change the beam
splitter transformation, but broadly speaking it still
accomplishes the same). With this in mind one possible
interpretation of a spin S system is as a symmetric
superposition of 2S spin 1/2 systems. Hence one can
think of a beam of spin 1/2 particles being split into
two paths, where the increase of one unit of spin is
equivalent to the addition of a spin 1/2 particle. In this
way, the addition of more particles increases the total
spin and so makes the system more “classical”, as is the
case for optical states, where the more photons there
are (the higher the amplitude) the more classical the
system can be said to be in terms of distinguishability
and entanglement (the states out of a beam splitter are
only the same as the input in the infinite limit of α).
This view of a spin S system has a natural link to the
Majorana representation to be discussed later, since it
can be seen as an illustration of these particles.
III. COMMENTS ON CLASSICALITY
We now consider what the results of the previous sec-
tion could mean in terms of classicality. For the spin-
coherent state, we do not see the classical feature of
the Glauber state of zero entanglement generation when
passed through one arm of a beam splitter, except for
those with the highest spin. Indeed, the validity of the
infinite limit case depends on the physical situation at
hand. It is possible though to imagine when such a limit
may be reasonable, for example, for a group of 105 atoms
in a Bose-Einstein condensate. For the range we ex-
plored, S = 1/2 → 50, the entanglement is high and
very dependent on |z|. It is to be expected that this car-
ries on for larger S too. The infinite S limit offers the
set of “most” classical spin-coherent states, since they
are equivalent to the Glauber states and hence generate
no entanglement. On this ground alone though, the spin-
coherent states are no more classical than infinitely many
other possible sets of states.
Then, the fact that we get an increase in entanglement
as we increase S is surprising, in that it indicates a re-
duction in classicality in this sense. Given this, we may
6ask if we can think of a state that is more classical in this
way; for example, one that generates less entanglement
and for which the entanglement decreases more rapidly
with the dimension of the Hilbert space. This is a compli-
cated problem since the only finite dimensional state to
give nonentangled states through a beam splitter is the
ground or vacuum state. The spin-coherent states can
be arbitrarily close to this zero entanglement, but that is
simply because they are arbitrarily close to the ground
state in some sense. We then ask how valid this measure
of classicality is. For example, we could think of other
unitary transformations that would create more entan-
glement with the input states here; indeed, the amount
of entanglement generated for a given transformation is
dependent on the input state. We can talk of the entan-
gling capacity of a unitary transformation [24], which is
a maximum taken over all input states; however, to de-
fine a class of minimum entangling states for one unitary
transformation does not mean it is the class of minimum
entangling states for a different unitary transformation.
The beam splitter transformation is a very specific exam-
ple, which is important in showing one classical feature
of the Glauber states, but one must ask if there is a valid
reason to take this one over other transformations as a
general measure. As such, we may claim that this is not
an ideal measure; indeed, as a concept, the resistance to
entanglement generation of a state is not well defined.
We can also consider the transition S = 1/2→∞ from
other points of view. A paper by Lieb in 1973 showed
that in respect to the free energies of states, the spin
states converge to the classical case in the thermody-
namic limit of a large number and large S spin states
[25]. This limit is very similar to the one we take; how-
ever, here Lieb talks about a thermal states, i.e., mix-
tures of spin-coherent states, whereas we talk only about
pure states. Other discussions of classicality focus on the
picture of the phase space, and how this can be said to
become that of a classical state (e.g., [26]). Indeed, the
use of coherent states to construct and compare phase
spaces can be used in many different situations, includ-
ing the limit of Lieb, as was discussed in detail by Yaffe
in 1982 [27].
We can look at the natural curvature of the phase space
of the set of spin-coherent states arrising from the Fubini-
Study metric [28]. The Riemannian curvature K, given
by K = 1/2S is dependent on the size of the spin sys-
tem. This can be seen by imagining the phase gained by
following a closed loop on the surface of the sphere [29].
In general, as a vector follows a closed loop on a given
space (maintaining parallel transport), it gains a phase.
This phase depends on the curvature of the space; for a
flat space no phase is acquired. As a spin-coherent state
follows a closed loop on the sphere, it will gain a phase
γ =
∮ 〈ψ(s)|d/ds|ψ(s)〉ds, which is equal to the curva-
ture (up to a constant), and we get K = 1/2S. We see
that for the “least” classical, S = 1/2, state the cur-
vature is maximum at K = 1. This reduces smoothly
and monotonically with increasing S until in the infi-
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FIG. 5: Probability of error of distinguishing two spin-
coherent states |0〉 and |β〉 with a priori probabilities pA and
pB = 1−pA, respectively, against S and β(real) for pA = 0.5.
The likelihood of error quickly decreases with increasing S for
all β.
nite limit, for the “most” classical state, the curvature
is zero and that of the Glauber states. This is also re-
lated to the distinguishability of states, since the distance
between two states (used in the definition of this met-
ric) increases as the size of the sphere increases. Any
two points on the phase space become further apart (i.e.,
their overlap decreases). In this sense, the distinguisha-
bility increases. Since in classical physics objects should
be distinguishable, in principle at least, this indicates an
increase in classicality. We note, though, that distin-
guishability alone is not enough to claim classicality, for
example the Fock states, which exhibit clearly nonclassi-
cal features, are orthogonal. However, it is an important
feature of classical physics and one that should be men-
tioned in any discussion on classicality.
We now look at the change in distinguishability
through the transition S = 1/2 → ∞ for two spin-
coherent states, via the Helstrom optimal measurement
[13]. We illustrate this change using the Majorana rep-
resentation [12].
One of the fundamental principles of quantum me-
chanics is the uncertainty relation between incompati-
ble observables which, in turn, prohibits us from dis-
tinguishing two nonorthogonal states perfectly with one
measurement. This strongly contrasts with the classical
world where again, at least in principle, all states can be
distinguished perfectly. We can, however, optimise our
measurement strategy in quantum mechanics to give us
the most reliable answer possible. One such strategy is
that given by Helstrom [13] (see also [14] for a very read-
able account) where a measurement is made to give two
outcomes, one corresponding to each of the states, with
a minimal probability of error. We briefly state some
of those results before applying them to analysing spin-
coherent states.
Suppose that we are given a system we know to be in
7one of two states, ρA or ρB, with probabilities pA and
pB, respectively. When trying to ascertain which of the
two nonorthogonal states we have, we construct a two-
outcome generalised measurement, or positive operator-
valued measure (POVM), made up of EˆA and EˆB =
Iˆ1 − EˆA, and associate the states with the correspond-
ing results. The probability of being incorrect in our
association, Pe, is given by
Pe = pAtr(EˆBρA) + pBtr(EˆAρB). (12)
For us it is important that in the case of pure states |A〉
and |B〉 this POVM becomes a projection measurement
with the probability of error given by
Pe = pAtr(EˆB |A〉〈A|) + pBtr(EˆA|B〉〈B|). (13)
Optimisation of this expression comes through our choice
in the projection measurements. Heuristically, we wish
to choose the projection spaces of EˆA and EˆB such that
|A〉 and EˆB are as close to orthogonal as possible; simi-
larly for |B〉. This must be balanced against the a priori
probabilities to give the minimum probability of error.
When attempting to distinguish two spin-coherent states
|α〉 and |β〉 we get
Pe =
1
2

1−
√
1− 4pApB
∣∣∣∣ (1 + αβ¯)2S(1 + |α|2)S(1 + |β|2)S
∣∣∣∣
2

 .
(14)
As mentioned earlier, as S → ∞, all spin coherent
states become “orthogonal”, that is, the overlap tends to
zero. This can be easily seen. Two spin-coherent states
|α〉 and |β〉 have overlap |〈α|β〉| = |(1 + αβ¯)2S |/|(1 +
|α|2)S(1 + |β|2)S |. Since |(1 + αβ∗)2| ≤ |(1 + |α|2)(1 +
|β|2)|, the limit in S gives limS→∞ |〈α|β〉| = 0 except
when the equality is reached, i.e., α equals β, which, for
all S, gives |〈α|α〉| = 1. Thus, in the limit of large S
all spin-coherent states become distinguishable and Pe
becomes zero, (see Fig. 5).
One very illuminating way to see the difference in the
measurement process as we change S or pA/pB is to rep-
resent the states and the POVMs on the Riemann sphere
using the Majorana representation [12] - which was also
used by Zimba and Penrose to recast the Kochen-Specker
paradox [30]. In this system, a state with spin S is rep-
resented by 2S points on a Riemann sphere. The posi-
tion of these points is given by the zeros of a complex
function, constructed from the overlap of the state with
a non-normalised spin-coherent state. The overlap be-
tween a non-normalised spin-coherent state |z˜〉 and |n〉,
is given by
〈z˜|n〉 =
(
2S
n
)1/2
zn. (15)
The general state |ψ〉 = ∑2Sn=0 an|n〉 is described (up to
a global phase) by the overlap function in z (also known
as the “amplitude function” [6] or the “coherent-state
decomposition” [31])
ψ(z) = 〈z˜|ψ〉 =
2s∑
n=0
(
2s
n
)
anz
n, (16)
= NΠ2si=1(z − zi). (17)
where N is simply a normalisation constant.
The zeros of this function describe the state |ψ〉 en-
tirely, again up to a global phase. To plot these points
onto the sphere, we view them as stereographic projec-
tions from the north pole onto the complex plane going
through the equator. Thus a zero on the plane marks
the south pole and as the modulus of the root tends to
infinity we get a point at the north pole - this happens
when ψ(z) is of order less than the dimension d minus 1.
The multiplicity of points at the north pole is equal to
the difference between the order of ψ(z) and d− 1; thus
the state |0〉 is represented by 2S points at the north
pole. The projection of z = ei(pi−φ)/ tan (θ/2) onto the
sphere represents the rotation of a point at the north pole
through angle θ around the axis nˆ = (sin(φ),− cos(φ), 0),
i.e., a point with azimuthal and polar angles θ and φ, re-
spectively. This can also be thought of as representing
the rotation Rˆθ,φ on state |0〉.
In the S = 1/2 case we find the well known
Bloch sphere. Then, the state |ψ〉 = cos (θ/2)|0〉 +
eiφ sin (θ/2)|1〉 has an overlap function ψ(z) = cos (θ/2)+
eiφ sin (θ/2) with one zero at z = ei(pi−φ) tan (θ/2), where
θ and φ are the polar and azimuthal angles, respectively.
We also note that the Majorana picture could equally
represent a multiparticle state of 2S spin 1/2 particles
in a symmetric superposition. Each point represents one
spin 1/2 particle [32]. Going back to the notion of a beam
of spin S = 1/2 particles mentioned in the previous sec-
tion, each point would then represent a particle in our
beam.
We can make a number of observations from this defi-
nition. First, spin-coherent states are represented by 2S
points all at the same position on the unit two-sphere.
This is clear since for a spin-coherent state |α〉 the over-
lap function is 〈z˜|α〉 = (1 + zα¯)2S/(1 + |α|2)S , which
has 2S zeros at −1/α¯. Thus, the Majorana plot of a
spin-coherent state can be seen as a representation of the
rotation Rˆθ,φ that defines the state 5. Second, any rota-
tion of a state |ψ〉 rotates the sphere, since when forming
the overlap function [Eq. (16)], we can equally consider
the rotation on ψ as a reverse rotation on each of the
|z˜〉’s, corresponding to the zeros, which is also a rotation
of the points around the sphere. Note, though, that such
a rotation can still add a phase that will not be seen on
the Majorana sphere. This provides the basis for the next
two points.
The modulus of the overlap between any two spin-
coherent states is given entirely by the angle between
their points on the sphere. This is true since any two
pairs of spin-coherent states, with the same angle be-
tween them on the Majorana sphere, are only a unitary
8rotation apart (up to a phase); since this preserves the
overlap up to a phase, any such pairs have equal overlap
modulus. Any state with one or more points antipodal to
a coherent state is orthogonal to that state. To see this it
is sufficient to show it for the case |α〉 = |0〉, since we can
simply rotate the sphere and maintain any overlap up to
a phase. The set of states orthogonal to |0〉 are given by
|α⊥〉 = ∑2Sn=1 an|n〉. The coherent state decomposition
thus has z = 0 as one of its zeros at least; indeed, this can
occur only if the state has no components in |0〉. This
gives a Majorana point at the south pole, i.e., antipodal.
With this, we can begin to look at how the Helstrom
discrimination strategy for two spin-coherent states can
be seen in this representation. The states themselves
are shown as two points on the sphere. To represent
the projections we show the two resultant states after
the measurement takes place, |eA〉, |eB〉, corresponding
to EˆA and EˆB, respectively. We can do this because
the two states to be distinguished will both collapse onto
the same one of two resultant states. This is because
any projection we make will be on the two-dimensional
subspace of the two states, since to project outside this
space would not be optimal. Hence, they project onto
the same pair of states in this subspace.
The first thing we notice is that for any S these states
give Majorana points that lie on a circle on the surface
of the sphere. This is, in fact, the case for any state that
is a superposition of two spin-coherent states. For any
complex coefficients a and b, the state |ψ〉 = a|0〉 + b|β〉
gives overlap function zeros that lie on a circle of radius
r = |a/b|1/2S (1 + |β|2)1/2/|β|, centred at −1/β¯ on the
complex plane. The stereographic projection preserves
circles and angles [33]; hence the Majorana points lie on a
circle also (since this is true for the above superposition,
it is true for any superposition of two coherent states
because we can always rotate the pair so that one state is
|0〉 and maintain the geometry). Furthermore, the radius
and position of these circles relate back to the overlap
of the states and their a priori probabilities, although
the relationships are complicated, and we will talk about
trends qualitatively only.
In Fig. 6 we see the Majorana projection of two spin-
coherent states, given by two black points, and the states
post projection, given by the grey points, which exist on
two circles, for S = 10. State |A〉 = |0〉 is on the north
pole and state |B〉 = | − i〉 is at (1, 0, 0). The a priori
probabilities are set at pA = pB = 0.5.
We can now look at how when changing the a priori
probabilities pA/pB and S, the Helstrom measurements
we make, found from the minimisation of Eq. (13), also
change. For any fixed spin, as the a priori probability of
|A〉 increases, the circle of the corresponding projection
EˆA closes in around the state, until it becomes that state.
That is, |eA〉 → |A〉, as we would expect for minimisation
of the error (13). The other circle, for projection EˆB,
widens until it becomes the state orthogonal to |A〉 in the
|A〉,|B〉 subspace (|A⊥〉), this gives the circle whose width
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FIG. 6: Majorana projection of two coherent states |A〉 and
|B〉, and the states postprojection |eA〉 and |eB〉, for S = 10
and pA = pB = 0.5.
allows one point to exist antipodal to the Majorana point
of |A〉. The opposite to this occurs should pB increase.
Keeping pA, pB fixed and increasing S, both circles be-
come larger, as |eA〉 → |B⊥〉 and |eB〉 → |A⊥〉. This
shows the reason for the decrease in probability of error
with S. As S increases, the states |A〉 and |B〉 become
more orthogonal; this allows the projection POVMs to
change to become more orthogonal to the anticorrespond-
ing states, in accordance with the minimisation of Eq.
(13), seen by the growth of the circles, where Pe then re-
duces with increasing S. Therefore, the smooth growth of
the projection circles illustrates that, within this distin-
guishability criterion for classicality, spin-coherent states
approach the “classical”, Glauber, states with the in-
crease of spin. This is in contrast with the previous cri-
terion based on entanglement generation where we see a
brief increase of entanglement with spin.
IV. CONCLUSION
In this paper, we have examined the transition of spin-
coherent states from spin S = 1/2 to the limit S → ∞
with respect to the generation of entanglement through
a beam splitter. We gave an alternative proof that, as
the spin tends to infinity, the spin-coherent states tend to
the infinite amplitude limit of the Glauber states. From
this proof we can easily see that this is not unique to
spin coherent states; indeed, there are infinitely many
sets of states for which this is true. The spin-coherent
state does represent an element of these that achieves
minimum uncertainty.
We have studied the entanglement generation of spin-
coherent states for the specific case where they are sent
through one arm of a 50:50 beam splitter and a vacuum
9through the other. Two main features were observed.
The first is that the entanglement of the output states
depends heavily on |z|, more than S. For all |z|, after
an initial quick change with S, the entanglement settles
to a very slow, almost flat decline. The entanglement at
which this slow tailing off begins is very dependent on
|z| and is higher for larger |z|. To see the high S near
zero entanglement, one would need a system of huge spin
number. The relevance of this limit is very dependent
on the physical system. In our numerics we considered
only up to spin S = 50, but we may see a significantly
low resultant entanglement for systems with extremely
large S, for example, of the order of 105 spin 1/2 atoms.
The second interesting feature is that for |z| > 1 the
entanglement initially rose with S.
We then discussed this transition in terms of classi-
cality. The high dependence on |z|, very slow decline to
zero, and increase of entanglement (thus dip in this sense
of classicality) are indicators that this measure may be
inadequate as a universal signature of classicality, as we
found. The value in these results is in the understanding
of a beam splitter as an entanglement generator, with
respect to which it is also found that the generated en-
tanglement increases with amplitude z, and that for any
spin S we can find an amplitude with |z| that gives the
maximum entanglement at output. In a sense we have
sacrificed the generality of this result as a classicality
measure for its simplicity and applicability.
We listed briefly some examples of other ways the tran-
sition can be looked at in terms of classicality. The large
S limit discussed by Lieb also leads to a classical descrip-
tion, in terms of free energies. The change in phase space
as we change S also indicates a transition to classicality
in some sense. We then focused on distinguishability in
terms of state discrimination using the Helstrom opti-
mal measurement strategy and illustrated it using the
Majorana picture. The geometry of the states and the
Helstrom POVMs is simple, and allows us to illustrate
easily the changes affecting the probability of error for
the measurement. A spin-coherent state is simply one
point on the sphere and the POVMs are represented by
circles of points. The decrease in probability of error with
an increase in S is seen by the increase in the diameter of
the circles on the sphere representing the measurements.
We reiterate that distinguishability does not constitute
classicality in its own right. The standard example of
Fock states makes is an example. Indeed none of these
measures give a common result; they all follow differ-
ent declines and cannot be said to be equivalent exactly
in the transition regime. Distinguishability is important
and although not a complete description, if we want to
look at classicality, we must discuss this, as we must all
areas.
Possible extensions of this work would naturally in-
clude the move to considering the mixed case as in [8]
and [9]. A consideration of a thermal mixture of states,
as in Lieb’s calculation, may offer interesting results in
terms of entanglement. It would also be interesting for
future work to create common criteria for “classicality
measures” or indicators of (pure) states. It seems that
one common feature that should be imposed is the in-
crease in classicality with the size of a system, or the num-
ber of subsystems involved, so that it appears classical
in the large macroscopic limit. An important problem,
brought to light in the discussion of the beam splitter, is
the assignment of classicality in terms of entanglement.
A classical system should be inefficient at generating en-
tanglement within itself, but on the other hand, should
be able to strongly entangle with its environment (this is
required, for example, in decoherence models). It is not
at all clear that there exists a single measure that would
capture all these desirable properties and this remains a
challenging open problem.
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APPENDIX A
Glauber states are defined as [2]
|α〉 = exp
(
αaˆ† − 1
2
|α|2
)
|0〉
= exp
(
−1
2
|α|2
) ∞∑
n=0
αn
(n!)1/2
|n〉. (A1)
We wish to show that, by appropriate substitution, the
spin-coherent state (6) is equal to a subclass of Glauber
states as S tends to infinity. We know that for any two
different spin-coherent states, the overlap tends to zero as
S tends to infinity; thus the “amplitude” α for the optical
case must tend to infinity as S does. We set α =
√
2Sz¯.
Substituting this into Eq. (6) we get
|z′〉 = 1
(1 + |α|
2
2S )
S
2S∑
n=0
(
2S
n
)1/2 ( α
2S
)n
|n〉. (A2)
To prove the equivalence of the two states in the infinite
limit, it is sufficient to show that the overlap of a Glauber
state |α〉 and such a spin-coherent state goes to 1 (i.e.,
they are the same state). Thus, we wish to prove that
lim
S→∞
〈α|z′〉 = lim
S→∞
{
exp
(
−1
2
|α|2
)
1
(1 + |α|
2
2S )
S
×
2S∑
n=0
(
2S!
(2S − n)!(2S)n
)1/2 |α|2n
n!
}
= 1. (A3)
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Let us first look at the summation.
Lemma. For all A ∈ R+,
lim
n→∞
n∑
p=0
(
n!
(n− p)!np
)1/2
Ap
p!
=
∞∑
p=0
Ap
p!
. (A4)
Proof. We will use the method of showing that the upper
and lower bounds to 〈α|z′〉 coincide as S tends to infinity.
Since each term in the sum is positive, one upper bound
of the left hand side of Eg. (A4) can be found by taking
the sum to infinity. Thus
lim
n→∞
n∑
p=0
(
n!
(n− p)!np
)1/2
Ap
p!
≤ lim
n→∞
∞∑
p=0
(
n!
(n− p)!np
)1/2
Ap
p!
≤
∞∑
p=0
Ap
p!
,
(A5)
where the last line is given by taking the limit inside
the sum, which we are allowed to do since each term
converges.
We then find a lower bound by taking the sum to some
finite m, so
lim
n→∞
n∑
p=0
(
n!
(n− p)!np
)1/2
Ap
p!
≥ lim
n→∞
m∑
p=0
(
n!
(n− p)!np
)1/2
Ap
p!
.
(A6)
However, taking the infinite limit of m this inequality
still holds, since it is true for any finite m and so it is true
for any arbitrarily small distance from the limit, so the
limit can at most be equal. This gives the same upper as
lower bound; hence
lim
n→∞
n∑
p=0
(
n!
(n− p)!np
)1/2
Ap
p!
= lim
n→∞
∞∑
p=0
(
n!
(n− p)!np
)1/2
Ap
p!
=
∞∑
p=0
Ap
p!
= exp(A). (A7)
Since the normalisation and the summation in Eq.
(A3) converge with increasing n, the limit of the product
is the product of the limits and thus
lim
S→∞
〈α|z′〉 = exp (−|α|2) exp (|α|2)
= 1. (A8)
Interestingly, this is also true of any state
|ψ〉 = ∑d−1n=0 f(n, d)[An/(n!)1/2]|n〉 such that
f(n, d) > 0, ∀n, d ∈ N, and f(n, d) converges to 1 in n, for
all p, for example, |z〉 = exp (− 12 |z|2)∑np=0(zp/p!)|p〉.
There are infinitely many such functions and therefore
there are infinitely many states that will tend to the
Glauber state in the limit, as stated in Sec. II.
APPENDIX B
Linear entropy is an upper bound to the von Neumann
entropy and is defined as
Slin = 1− Tr
(
ρ2A
)
. (B1)
The linear entropy of the two output “beams” is given
by
Slin = 1− (2S!)
2
(1 + |z|2)4S
2S∑
p,p′=0
min(2S−p,2S−p′)∑
m,m′
(
|z|m+m′+p+p′
m!m′!
× 1√
(2S −m− p)!(2S −m− p′)!
× 1√
(2S −m′ − p)!(2S −m′ − p′)
×|R|2(p+p′)|T |2(m+m′)
)
, (B2)
with |R|2 + |T |2 = 1. Differentiating this with respect
to |R|, we have
dSlin
d|R| = −
2S∑
p,p′=0
min(2S−p,2S−p′)∑
m,m′
{f(|z|, S,m,m′, p, p′)
×
(
|R|(p+p′−1)(p+ p′)(1− |R|)(m+m′)
−(1− |R|)(m+m′−1)(m+m′)|R|(p+p′)
)}
,(B3)
where
f(|z|, S,m,m′, p, p′) = (2S!)
2
(1 + |z|2)4S
(
|z|m+m′+p+p′
m!m′!
× 1√
(2S −m− p)!(2S −m− p′)!
× 1√
(2S −m′ − p)!(2S −m′ − p′)
)
.(B4)
Using the symmetry of the summations and the sym-
metry of f(|z|, S,m,m′, p, p′), one can see that Eq. (B3)
gives a zero at |R| = |T | = 1/√2. Hence the linear en-
tropy is maximum, for any S and z, when |R| = |T | =
1/
√
2.
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